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In the beginning
Throughout this paper graphs are simple and, unless otherwise speci ed, nite and undirected. For group-theoretic terms not de ned here we refer the reader to 25] .
If X is a graph we let V (X), E(X) and Aut X denote the sets of vertices and edges and the automorphism group of X, respectively. A subgroup G Aut X is said to be vertex-transitive, edge-transitive and arc-transitive provided it acts transitively on the sets of vertices, edges and arcs of X, respectively. Moreover, the subgroup G is said to be 1 2 -transitive if it is vertex and edge but not arc-transitive. The graph X is said to be vertex-transitive, edge-transitive and arc-transitive if Aut X is vertex-transitive, edge-transitive and arc-transitive, respectively. We shall say that X is (G; 1 2 )--transitive if G is a 1 2 -transitive subgroup of automorphisms. In particular X is 1 2 -transitive 1 Supported in part by \Ministrstvo za znanost in tehnologijo Slovenije", proj.no. J1-7035-94. 1 if it is (Aut X; 1 2 )-transitive. Finally, X is called one-regular if Aut X acts regularly on the set of its arcs.
The rst general result linking vertex and edge-transitivity to arc-transitivity is due to Tutte 23] . Proposition 1.1 23, 7 .53, p.59] A vertex-transitive and edge-transitive graph of odd valency is arc-transitive.
Besides, Tutte 23] posed the question of whether the result extends to vertex and edge-transitive graphs of even valency. The answer came in 1970 with a construction, due to Bouwer 3] , of a 2k-valent 1 2 -transitive graph for every k 2. He rst de nes a family of graphs B(k; m; n), where k 2 and 2 m 1(mod n), in the following way. The vertex set of B(k; m; n) is the set Z m Z k?1 n and two vertices are adjacent whenever they can be written in the form (i; a 2 ; a 3 ; : : : ; a k ) and (i + At this point, it seems worth mentioning that an example of a 1 2 -transitive graph has, at least implicitely, been around since 1952 in the greatly overlooked construction of a cubic one-regular graph by Frucht 7] . Incidentally, as Frucht mentiones in his paper, the construction came as an answer to a question about the existence of cubic one-regular graphs posed to him by Coxeter in a personal correspondence, a question motivated by Tutte's paper on m-cages 22] . The one-regular graph constructed by Frucht is a Cayley graph of the holomorph of Z 2 3 and has 432 vertices. As observed in 12], it is not hard to see that every cubic one-regular graph gives rise to a 1 2 -transitive graph of valency 4 via the line graph construction. Therefore the line graph of Frucht's one-regular graph is, in a sense, the rst example of a 1 2 -transitive graph.
The smallest graph B(2; 6; 9) in Bouwer's family has 54 vertices and valency 4. In 1981, Holt 8] found a 1 2 -transitive graph with 27 vertices and valency 4. It transpires that this graph is the unique graph whose double cover is the graph B(2; 6; 9). There is a concise description of Holt's graph, as well as the smallest Bouwer's graph, as part of a much larger family of 1 2 -transitive graphs of valency 4 (see Section 4) . It was shown quite recently that no 1 2 -transitive graph with less than 27 vertices exists 1]. Besides, the results proven in 26] imply that Holt's graph is a unique 1 2 -transitive graph of order 27 and valency 4. In light of this fact, the remark made by Holt 8] as to an information given by the referee of his paper that a further example of a 1 2 -transitive graph on 27 vertices with valency 4 had been constructed by Kornya, must mean that this construction either results in a graph isomorphic to Holt's graph or in a graph which is not 1 2 -transitive at all. The automorphism groups of Holt's graph and the graphs in Bouwer's family are imprimitive. Supposedly, this must have prompted both Holt 8] and Holton 9 ] to ask if a 1 2 -transitive graph with a primitive automorphism group exists. The a rmative answer to their question is a byproduct of the classi cation of vertex-transitive graphs of order a product of two distinct primes with a primitive automorphism group 17] (see Section 2 for more details). In fact, the research on 1 2 -transitive graphs has gained a new momentum in the 1990's, taking three somewhat distinct directions. Firstly, there is a number of papers on constructions of 1 2 -transitive graphs with a primitive automorphism group, secondly, quite some e ort has been put into possible classi cations of 1 2 -transitive graphs of speci c orders, and, last but not least, there is a thrilling progress made in the investigation of the structure of 1 2 -transitive graphs of valency 4. All of these results are surveyed in the subsequent three sections.
To conclude this section, let us mention that Proposition 1.1 has been generalized to in nite graphs of subexponential growth by Thomassen -transitive graph X of valency 2k, the two arcs (u; v) and (v; u) give rise (via the action of Aut X) to two oriented graphs. These graphs are orbital graphs of Aut X relative to two paired orbitals of length k.
In view of these comments, in order to construct 1 2 -transitive graphs with a primitive automorphism group, one rst has to nd suitable primitive permutation groups, that is permutation groups with non-self-paired orbitals, and then determine the automorphism groups of the corresponding underlying undirected graphs, hoping that they be 1 2 -transitive. To that purpose certain group-theoretic results { some dating back to Manning 10] and some proved in 17] { on the orbitals of primitive permutation groups are used in 17] and 20] to construct 1 2 -transitive graphs with a primitive automorphism group. In 17], ten 1 2 -transitive graphs are identi ed among vertex-transitive graphs of order a product of two distinct primes. All of them are associated with the groups PSL(2; p), where p = 23; 59; 61. More precisely, the following result may be deduced from 17].
Proposition 2.1 27, Table 1 ] There are precisely ten 1 2 -transitive graphs of order a product of two primes with a primitive automorphism group:
(i) two of order 253 = 11 23, with respective valencies 24 and 48, arising from the action of the group PSL(2; 23) on the set of (right) cosets of its subgroup S 4 ; (ii) four of order 29 59 all with valency 120, arising from the action of the group PSL(2; 59) on the set of (right) cosets of its subgroup A 5 ; (iii) and four of order 31 61 all with valency 120, arising from the action of PSL(2; 61) on the set of (right) cosets of its subgroup A 5 . The group PSL(2; p), p = 23; 59; 61, is the full automorphism groups in each of these cases.
The results of 20] are more general. Firstly, the following rather technical result is proved giving certain necessary conditions assuring the existence of primitive permutation groups with non-self-paired orbitals and, consequently, the existence of This result is then used to construct an in nite family of 1 2 -transitive graphs with a primitive automorphism group by proving that the assumptions of the above proposition are satis ed for the family of groups PSL(2; p), where p 1 (mod 10) is a prime, acting on the set of (right) cosets of a subgroup H = A 5 . More precisely, the following result holds. where r and r have the meaning described in Proposition2.2. The two 1 2 -transitive graphs of order 253 with the automorphism group PSL(2; 23) described in Proposition 2.1 are smallest such graphs with a primitive automorphism group PSL(2; p) for some prime p. Thus a natural question popping out of these results regards the construction of a smallest 1 2 -transitive graph with a primitive automorphism group. In 6] it is shown that there are only two nonisomorphic 1 2 -transitive graphs of order less than 253 having a primitive automorphism group. The rst one has 165 vertices, valency 48 and the automorphism group M 11 and arises as the underlying undirected graph of the orbital graph associated with a non-self-paired suborbit of length 24 in the action of the Mathieu group M 11 on the set of right cosets of a subgroup M 8 : S 3 , where the notation is that of 5]. The second one has 234 vertices, valency 48 and the automorphism group Aut PGL(3; 3) and arises as the underlying undirected graph of the orbital graph associated with a non-self-paired suborbit of length 24 in the action of the group PGL(3; 3) on the set of maximal sets of independent points in PG(2; 3) , that is the set of right cosets of a subgroup S 4 .
Proposition 2.4 6, Theorem 1.1] The smallest 1 2 -transitive graph with a primitive automorphims group has order 165, valency 48 and automorphism group M 11 .
3 Classi cation results
The comments made in the previous section suggest that classi cation results on 1 2 -transitive graphs would necessarily involve a deep understanding of the structure of transitive permutation groups with non-self-paired orbitals and the corresponding orbital graphs. Undoubtedly, an almost impossible task in general. Nevertheless, the problem of classifying As for the classi cation of 1 2 -transitive graphs of order pq, where p > q are primes, it has been considered by Alspach and Xu in 2] for the case q = 3 and by Wang 24] -transitive, too. There is an easy argument for the 1 2 -transitivity of the graph X = X(2; 2; 5; 11) based on a non-uniform distribution of 6-cycles along the di erent 2-paths of X. More generally, 1 2 transitivity of all the graphs X(s; 2; q; p) may be deduced from the results of 13], where certain graphs of valency 4 admitting a particular 1 2 -transitive group action, of which the graphs X(s; 2; q; p) are only a special case, are analyzed. More details are given in the next section. In view of these comments it seems that Theorem 5.5 in 24] should be modi ed along the following lines. 
Graphs of valency 4
Rather than imposing conditions on the possible order of 1 2 -transitive graphs, one may restrict oneself to the study of the structure of 1 2 -transitive graphs of smallest admissible valency 4 and more generally, graphs of valency 4 admitting 1 2 -transitive group actions. We give here a brief outline of the results proven thus far.
Let r 3 be an odd integer, t 3 be an integer and let s 2 Z r satisfy s t 2 f1; ?1g. De -transitivity of graphs X(s; t; r) was considered in 1], with the aim of constructing an in nite family of 1 2 -transitive graphs of valency 4, and proved in two particular cases: if t = 3 and r 9 or if r is a prime and t a composite integer. Furthermore, in 18], it is shown that X(s; 4; r) is The problem of determining the 1 2 -transitive graphs among the graphs X(s; t; r) may be studied in a slightly larger context of 1 2 -transitive group actions on graphs of valency 4. For that purpose let X be a graph of valency 4 admitting a 1 2 -transitive action of some subgroup G of Aut X. Let D G (X) be one of the two oriented graphs associated with the action of G on X. An even length cycle C in X is a G-alternating cycle if every other vertex of C is the tail and every other vertex of C is the head in D G (X) of its two incident edges. In particular, a G-alternating cycle of X is said to be an alternating cycle of X in the case G = Aut X. The following result is proved in 13]. In view of Proposition 4.1 (ii) we have that the maximum attachment number a G (X) = 2r G (X) is attained when X has precisely two G-alternating cycles, that is when X is a particular arc-transitive circulant on 2r G (X) vertices. On the other hand, if X has at least three G-alternating cycles then, in view of the comments in the previous paragraph, it follows that a G (X) is a proper divisor of 2r G (X) satisfying 1 a G (X) r G (X). The two extremal cases are of particular interest. We say that X is loosely G-attached if a G (X) = 1, and tightly G-attached if a G (X) = r G (X). Furthermore, we say that X is loosely attached and tightly attached if it is G-loosely attached and G-tightly attached, respectively, and G = Aut X. For example, the -transitive graphs X(s; t; r) constructed in 1, 18] are all tightly attached. In fact, each graph X(s; t; r) is G(s; t; r)-tightly attached. Conversely, it is proved in 13] that every 1 2 -transitive graph X of valency 4 and odd radius r which is G-tightly attached for some subgroup G Aut X, must be isomorphic to some X(s; t; r). Moreover, a complete classi cation of tightly attached graphs of odd radius is given in 13]. We remark that the cases t = 3 and t = 4 of the above proposition may be deduced from the results of 1, 18] . Let us also mention that the smallest member of the family of arc-transitive graphs graphs in Proposition 4.2, (iii) is the graph X(19; 6; 21) = X(2; 6; 21).
To strike a somewhat di erent note, we turn our attention to the interplay of the concepts of maps, one-regular graphs and The above discussed correspondence of regular maps and 1 2 -transitive group actions on graphs of valency 4 hides in itself the correspondence between one-regular and -transitive graph X of valency 4 and girth 3, each 3-cycle is transitively oriented in the natural orientation induced by Aut X. Moreover, the set of 3-cycles decomposes E(X). It is thus natural to ask if a similar result may be obtained for Moreover, in case (ii) the vertex stabilizer (Aut X) v , v 2 V (X), is Z 2 .
As a consequence we have that -transitive. Moreover, it is obvious that its girth is 4 and that all of its 4-cycles are transitive.
To wrap up this section let us make a two additional comments about 1 2 transitive graphs of valency 4, and more generally, about 1 2 -transitive group actions on graphs of valency 4. Firstly, there is an easy combinatorial argument showing that such actions are necessarliy imprimitive. (Note that imprimitivity of these groups also follows from 16, Theorem 5] where transitive groups with a suborbit of length 2 are characterized.) Namely, let X be such a graph admitting a 1 2 -transitive group G. De ne a relation R on V (X) by letting uRv if u = v or if u and v are antipodal vertices on some G-alternating cycle of X. It is proved in 13, Proposition 2.8] that the equivalence classes of the transitive hull of R form an imprimitivity block system of X. Secondly, there are two essentialy di erent types of such graphs. Namely, given a graph X of valency 4 admitting a 1 2 -transitive action of a subgroup G of Aut X, the restriction of the stabilizer G v of a vertex v 2 V (X) to the neighbor set N(v) = fu; w; x; yg is either a Z 2 or a Z 2 Z 2 . Let fx; yg and fu; wg be the two orbits of G v on N(v). In the rst case, G N(v) v =< (xy)(uw) > and it is easy to see that the restriction homomorphism is a monomorphism and so jG v j = 2. In the second case, G N(v) v =< (xy); (uw) > and in general the order jG v j cannot be bounded, as may be seen by taking the lexicographic product C t K 2 ]; t 3, which admits a 1 2 -transitive group action with vertex stabilizer Z t 2 . We emphasize, however, that in all 1 2 -transitive graphs of valency 4 known so far the action of the automorphism group is of the rst kind, that is with vertex stabilizer Z 2 . Most recently, an example of a 1 2 -transitive graph of valency 4 and vertex stabilizer Z 2 Z 2 has been constructed by Malni c and the author.
Afterwards
The discussion in the preceding sections suggests that research in 1 2 transitive graphs quite alive these days, showing no sign of ceasing to remain that way. There are a number of interesting open problems dealing with these graphs. Among them let us mention the problem of constructing a 1 2 -transitive graph with a primitive automorphism group having the smallest valency, posed by 27]. Further, classi cation results on 1 2 -transitive graphs are much sought for, albeit not at all easy to obtain. Nevertheles, orders 4p and 6p, where p is a prime, seem rather natural candidates. Next, studying the structure of 1 2 -transitive graphs of valency 4 provides an almost endless but satisfying road to travel. In particular, this is true for the construction of such graphs with particular radius and/or attachment properties. Also, 1 2 -transitive graphs with valency greater than 4 are no doubt a still rather untouched territory. Finally, in view of 21], the problem of generalizing some of the results mentioned in the preceding three sections to in nite graphs may be worth a try.
